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Chapter Two

Classical Physics
at the Nanoscale

It is often said that “physics is different at the nanoscale”. This
statement cannot be true, since the laws of physics as we know
them today are certainly valid at the nanoscale. Perhaps what is
often meant is that new phenomena or “new physics” are often
observed when we build novel structures, materials and devices
at the nanoscale.

Nevertheless, it is true that at the nanoscale, classical physics
begins to give way to quantum physics in terms of description
of physical phenomena. When we try to describe the properties
of electrons, classical physics fails and we have to use the quan-
tum mechanical wave description of matter to explain the physics
observed. The length scale of electrons is in any case much smaller
than that of atoms and molecules, even though they determine
many materials properties such as conductivity, magnetism and
so on. This subject of quantum physics will be dealt with in the
next chapter.

At the scale of nano- and micro-particles however, we can
adequately describe many physical phenomenon with classical
physics. We often ask questions such as: Why do dust particles
float in the air instead of falling to the ground? Why does a small
drop of water not spread but remain round? Why do micron-sized
wheels have so little inertia? At this scale, the behaviour of objects
is different from what we experience in our daily lives. This is
because at the small scale, forces such as friction and surface ten-
sion often dominate over forces such as gravity.
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In the following sections, we will discuss how some impor-
tant physical properties such as mechanical frequency, viscosity
and motion of nanoscale objects differ from those of macro-sized
objects that we normally see.

2.1 MECHANICAL FREQUENCY

A cantilever is a beam anchored at one end and projecting into
space. Cantilevers are widely found in construction, notably in
cantilever bridges and balconies, as well as in aircraft wings. Civil
and aircraft engineers are very concerned about the mechanical
frequencies that these cantilever structures are subjected to,
since external frequencies around the resonant frequencies of
these structures can lead to catastrophic failures and major
disasters.

Cantilevered beams are very often found in micro-electro-
mechanical systems (MEMS). MEMS cantilevers are commonly
fabricated from silicon, silicon nitride or polymers. The fabrica-
tion process typically involves undercutting the cantilever struc-
ture to release it, often with an anisotropic wet or dry etching
technique. In particular, the important technique of atomic
force microscopy (AFM) depends on small cantilever transduc-
ers. Other applications of micron-scale MEMS cantilevers are in
biosensing and radio frequency filters and resonators.

Mechanical resonance frequencies of cantilevers depend on
their dimensions; the smaller the cantilever the higher the
frequency. To do a simple analysis of the mathematical size

Figure 2.1. (left) Cavenagh bridge, Singapore’s oldest suspension (can-
tilever) bridge; (right) SEM image of an AFM cantilever (from author’s
lab).
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dependence, let us consider the simple case of a mass m attached
to a spring with spring constant k. From Hooke’s law, when a
spring is slightly displaced in the direction x from its equilibrium
position, it would undergo simple harmonic motion according to:

F=—kx 2.1)

From Newton’s Second Law:

d%x
2
—th = —%x = —w’x (2.3)

1/2
where w = ( %) , which is the frequency of the sinusoidal equa-

tion that is a solution of equation (2.3):
x = Acos(wt + @) (2.4)

where A is the amplitude of oscillation and ¢ is the phase of the
oscillation.

The frequency of oscillation f is the inverse of the period of os-
cillation T:

1w 1 [(k\Y?
F=1=5= 3 () 29)

Since the mass and spring are three-dimensional, the mass m
will vary as L2 and the spring constant k as L:

welyp (2.6)

Hence the frequency is inversely proportional to the length
scale for a mechanical oscillator. Frequencies inversely propor-
tional to the length scale are typical of mechanical oscillators such
as string instruments like the violin or harp. In such oscillators
with two nodes at both ends (i.e. fixed at both ends), the length of
the string (oscillator) is related to its lowest order standing wave-
length by L = A/2. If the oscillator has only one node at one end
(i.e. fixed at one end) as in a cantilever, then L = A /4. Since A = ut,
where t is the time for the wave to travel one oscillation and v the
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wave velocity, the frequency can be written as:

21 v

w=-—-=7n (Z) (nodes at both ends) (2.7)
21 v

w= - = T (ﬁ) (node at one end) (2.8)

From the physics of waves, the wave velocity v can be expressed
as:

v=4/— (2.9)

where T is the tension of the stretched string and p is its mass per
unit length. For a three dimensional solid material, we can write
the wave velocity in (2.8) in terms of the Young’s modulus Y of the
material (Y = force per unit area per fractional deformation [Pa],
or stress/strain), and the material density p (kgm—>):

i (2.10)

From Table 2.1, for a silicon cantilever with Y = 182 GPa and
p = 2300 kgm 3, we can calculate the speed of sound in silicon to
be v = 8900 ms~!. From equation (2.8), the resonant frequency of
a 1 mlong silicon cantilever is w = 14 kHz. If we reduce the length
of the silicon cantilever to 1 cm, its resonant frequency will be
about 1400 kHz. A typical silicon AFM cantilever with k between
0.01-100 N/m has a resonant frequency w of 10-200kHz. It can be

Table 2.1 Elastic properties of selected engineering materials.

Material Density (kg/m?3) Young’s Modulus (GPa)
Diamond 1800 1050
Silicon nitride 2200 285
Steel 7860 200
Silicon 2300 182
Aluminum 2710 70
Glass 2190 65

Polystyrene 1050 3
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shown (left as an exercise for the reader) that for a thin rod made
of a material with atomic spacing 4 and atomic mass m:
2oL ka” (2.11)
p m

If the silicon cantilever is further reduced to 1 ym in length, the
resonant frequency will be about 14 MHz. Carr et al. have mea-
sured the resonant frequencies of silicon nanowires and found it
to be 400 MHz for a 2 ym long nanowire.! If such nanowires
had lengths in the nanometre range, they will have resonant
frequencies in the GHz range, which would have novel device
applications.

The upper limit to oscillation frequencies will be those of molec-
ular bonds. For molecular bond vibrations with bond lengths of
about 1-2 A, the frequencies are of the order of 10'3 Hz. This is rou-
tinely measured by chemists using Infrared (IR) Spectroscopy, a
typical spectrum of which is shown in Fig. 2.2. Note that chemists
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Figure 2.2. FT-IR spectrum of ethanol molecules in liquid state (note:
Wavenumber cm ! = Hz/c) (from author’s lab).

I'D. W. Carr, Appl. Phys. Lett. 75,920 (1999).
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typically use the unit of wavenumbers (cm~!), and if we convert
the wavenumber of the C-H stretch (2974 cm ') to frequency (Hz),
we get about 9 x 1013 Hz. Hence, at the nanoscale, mechanical
frequencies are much higher than those of objects at larger scales.

2.2 VISCOSITY

The force F needed to move a sphere of mass m, density p, radius
R at a velocity v through a viscous medium of viscosity 7 (Stoke’s
Law) is given by:

F = 6myRo (2.12)

When the sphere reaches terminal velocity vy, the force on it
due to gravity (F = mg) is balanced by the retarding force due to
the viscosity of the medium:

4R3 2
mg 37[ %4 _ ngR p: RZ (213)

o= 6myR — 67R 9

Since the terminal velocity is proportional to the radius squared,
itis clear that small particles fall very much more slowly. Note that
the above treatment is only valid under conditions of streamline
flow, for small particles and low velocities. This condition is met
when the Reynolds Number (Re) is less than about 2000, where Re
is a non-dimensional quantity that describes the type of flow in a
fluid defined by:

_ 2Rpv _ Inertial - forces (pv)

Re n  Viscous - forces (/R)

(2.14)

As size decreases, the ratio of inertia forces to viscous forces
within the fluid decreases and viscosity dominates. Hence,
micro/nano-scale objects moving through fluids are dominated
by viscous forces, and their motion is characterised by a low
Reynolds number. This means that nanoparticles “feel” the vis-
cosity (or ‘gooeyness’) of the fluid much more than we do!

To give a quantitative example, consider an iron sphere of
radius 1 mm and density 7,000kgm 2 (i.e. a small ball bearing)
falling through water (7 = 0.01 Pa.s, cf. Table 2.2). It has a ter-
minal velocity calculated from Eq. (2.13) of about 1 ms~!. If
the sphere is now 1um in radius, its terminal velocity becomes
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Table 2.2 Viscosities of some common fluids.

Fluids Viscosity (Pa.s)
Acetone 0.0032
Air 0.00018
Alcohol (ethyl) 0.012
Blood (whole) 0.04
Blood plasma 0.015
Gasoline 0.006
Glycerine 14.9

Oil (light) 1.1

Oil (heavy) 6.6
Water 0.01

about 1 yums~!, i.e. it falls by a distance equivalent to its size

every second. If its radius is further reduced to 1nm (i.e. an
iron nanoparticle), its terminal velocity drops to 1 pms~!, which
is negligible relative to its size! Furthermore, at the nanoscale, we
expect the effects of individual molecules in the fluid impacting
on the nanoparticle (Brownian motion) to become significant, and
this will be discussed next.

2.3 BROWNIAN MOTION OF NANOSCALE OBJECTS

In 1827, the English botanist Robert Brown noticed that pollen
grains suspended in water jiggled about under the lens of the
microscope, following a zig-zag path like the one pictured in
Fig. 2.3. It was only in 1905 when Einstein succeeded in stating
the mathematical laws governing the movements of particles on
the basis of the principles of the kinetic-molecular theory of heat.
According to this theory, microscopic bodies suspended in a lig-
uid perform irregular thermal movements called Brownian molec-
ular motion. Brownian motion became more generally accepted
because it could now be treated as a practical mathematical model.
Its universality is closely related to the universality of the normal
(Gaussian) distribution.

The 1D diffusive Brown motion probability distribution as a
function of position x and time t, P(x,t), is described by the
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Figure 2.3. A microsphere that is suspended in water will exhibit Brow-
nian motion due to frequent collisions with water molecules. The figure
shows the reconstructed trajectory of such a microsphere (diameter =
0.6 um) after its motion was tracked by optical microscopy over a period
of 20 seconds. The zig-zag path is typical of a particle exhibiting Brown-

ian motion (from author’s own work).

Gaussian distribution:

P(x,t) = (47tDt) 32 exp (;—;i) (2.15)

where D is the diffusivity of a particle radius of R in a fluid of
viscosity # at temperature T:

kT

D= SR (2.16)
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From the Gaussian relation in (2.15), we can define the charac-
teristic 2D diffusion length as:

1
Xrms = (4Dt) /2 (2.17)

If we go back to the example in the previous section of the iron
nanoparticle of 1 nm radius falling through water with terminal
velocity of 1 pms~!, the corresponding Brownian diffusion length
Xrms = 2D1/2 is about 9 ym, which is the characteristic distance
displaced every second due to Brownian motion. This value is
much larger than 1 pm, and hence Brownian diffusive motion is
dominant for the 1 nm particle.

If however the iron particle radius was 1 um, its diffusion length
is now 0.3 ym, which is almost comparable to its terminal velocity
of 1 yums~!. Hence both diffusive motion and viscosity of the fluid
need to be taken into account in describing the particle’s motion.
In general, Newton’s law of motion in such cases in the presence
of an external force F,y; and taking into account the Brownian dif-
fusive force F(t) and viscosity # of the fluid can be written in 1D
as:

dx

Fuvt 4+ F(t) — (677R) & (

47tR3p\ d?x
i —) (2.18)

3 a2

This so-called Langevin equationLangevin equation is a stochastic
differential equation in which two force terms have been added
to Newton’s second law: One term represents a frictional force
due to viscosity, the other a random force F(t) associated with the
thermal motion of the fluid molecules. Since friction opposes mo-
tion, the first additional force is proportional to the particle’s ve-
locity (dx/dt) and is oppositely directed. This equation needs to be
solved to describe the complete motion of a nanosized-object in a
fluid.

2.4 MOTION AT THE NANOSCALE

It has been often hypothesised that in the not-too-distant-future,
micron-sized medical nanorobots will be able to navigate through
our bloodstream to destroy harmful viruses and cancerous cells
(see Figure 2.4). This is reminiscent of the 1966 science fic-
tion film Fantastic Voyage written by Harry Kleiner, which was
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Figure 2.4. Artist’s impression of a nanobot killing a virus.

subsequently written as a novel of the same title by Isaac Asimov,
based on the screenplay. Fantastic Voyage II: Destination Brain was
written by Isaac Asimov as an attempt to develop and present his
own story apart from the 1966 screenplay. Fantastic Voyage: Micro-
cosm is a third interpretation, written by Kevin J. Anderson, and
published in 2001. This version updates the story with modern
ideas of nanotechnology, but uses the same theme of miniaturis-
ing a crew of scientists, doctors and technicians to investigate a
body.

We have seen from the earlier sections that the motion of a
nanobot in a fluid would be complex and difficult to control. The
viscosity of the fluid is greatly enhanced at the nanoscale making
design of the propulsion system a major engineering challenge.
Brownian motion would cause a constant random shaking that
would also make engineering design difficult. Furthermore, sur-
face forces at the nanoscale become significant, resulting in the
nanobot sticking to any surface it comes into contact with.

Nevertheless, we can use these effects to our advantage by get-
ting inspiration from Nature. After all, living organisms such
as viruses and bacteria are able to find their way into human
cells. If we can design molecules with sticky and non-sticky
areas, then the agitation caused by Brownian motion will even-
tual lead to molecules sticking together in very well-defined ways
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to form rather complex macromolecular structures. This mode of
assembly is known as self-assembly, and will be discussed further
in Chapter 7. Such random stochastic processes are the basis of all
chemical reactions, and indeed of the biochemistry of life itself.

So far we have been describing physics at the nanoscale using
purely classical physics. However, quantum mechanical effects
become significant when we consider even smaller entities such
as the electron. Indeed changes in energy levels occur when elec-
trons are confined to nano-sized objects, altering the electronic
and optical properties of the material. We shall address these
issues in the next chapter.

Further Reading

Edward L. Wolf, Nanophysics and Nanotechnology (Wiley, Germany,
2004).

Richard A. L. Jones, Soft Machines — Nanotechnology and Life (OUP,
2004).

W. R. Browne, B. L. Feringa, “Making molecular machines work”,
Nature Nanotechnology 1, Oct 2006, 25.

Exercises

1. A steel bridge spanning a river is 100 m long and fixed only at
the two ends. Calculate (i) the speed of sound in the bridge;
(ii) the resonant frequency of the bridge. Can a class of stu-
dents oscillate this bridge by jumping on it in a coordinated
matter? (iii) If this steel bridge is 1 km long instead, what
might happen if a battalion of soldiers march in step across
it? (iv) If a micro-model of this steel bridge is made 1um long,
what would be its fundamental frequency, and the next two
harmonics?

2. (i) Estimate the terminal velocity of a skydiver falling from a
plane. State all assumptions made. (ii) The terminal veloc-
ity of a skydiver has actually been measured to be about 200
km/h (or 55 m/s). For a heavy object, the air resistance is pro-
portional to the falling body’s velocity squared (i.e. cv?, where
c is a constant). Using this information, determine the value of
c and write down the equation of motion for the skydiver of
mass 70 kg. (iii) For a bug 100 ym in size, estimate its terminal
velocity in air. Assume the bug is just able to float in water.
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3. Calculate the Brownian diffusion length for a spherical

nanobot of radius 200nm inside the bloodstream of a living
human being. Describe its motion inside the bloodstream,
assuming the nanobot has no internal propulsion motor. Note
that blood velocity can be as high as 1 m/s in the aorta and <1
mm/s in the capillaries.

. Show that for a thin rod made of a material with Young’s mod-

ulus Y, density p, spring constant k, atomic spacing a and
atomic mass m:

Y  ka?

—=— (2.19)

[y m
Hint: The connection between the macroscopic and nano-
scopic quantities can be made by considering a linear chain
of N masses m separated by springs with spring constant k
and length a.
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